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Abstract—This letter presents the Crank–Nicolson formulation
of vector meshless method. As the vector meshless method is
divergence-free, its solutions are more precise than the conventional scalar meshless methods. In the conventional time-domain
vector meshless method, the time-step size is restricted by Courant–
Friedrichs–Lewy criterion. In order to attain an unconditionally
stable formulation of vector meshless method, we have applied the
Crank–Nicolson scheme to this method. Moreover, by a numerical
example, we have investigated the efficiency and accuracy of the
proposed method in comparison to another unconditionally stable
vector meshless method, i.e., alternating-direction-implicit vector
meshless method.
Index Terms—Alternating-direction-implicit (ADI) method,
Crank–Nicolson (CN) scheme, divergence-free property, unconditionally stable, vector meshless method.

I. INTRODUCTION
ESHLESS methods were first proposed about two
decades ago. For years, these methods have been acknowledged as the robust numerical methods among classical
time-domain numerical techniques. In meshless methods, the
discretization scheme of spatial domain alters from grid/cellbased numerical methods, and the problem domains are discretized through spatial nodes rather than grid/cells. Moreover,
as no information on the connectivity manner of the spatial nodes
is required in these methods, simulation of complicated structures do not have the difficulties of the conventional numerical
methods.
Up to now, a vast range of the meshless methods has been
developed. The radial basis function (RBF) method is one of the
most powerful meshless methods, which was proposed by Lai
et al. [1], for analyzing time-domain electromagnetic problems.
The RBF meshless method due to the scalar form of its RBFs
is an efficient tool for solving the scalar form of the differential
formulation of Maxwell’s equations. On the other hand, Yang
et al. [2] have proposed vector meshless method that is formulated based on the vector RBFs. These RBFs are defined by
applying a matrix transform to the scalar RBFs. The obtained
vector RBFs result in vector shape functions and provide a facility for expanding the vector fields of Maxwell’s equations.
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Vector meshless method is of considerable significance since
its solutions are divergence-free. This property is due to the
divergence-free property of the vector RBFs and improves the
accuracy of vector meshless method compared to the scalar
RBF meshless methods. However, as the time-marching formulation of the conventional vector meshless method is based on
the explicit form, the maximum time-step size is restricted by
Courant-Friedrichs-Lewy criterion.
To overcome the conditional stability of the numerical methods, some well-known algorithms have been proposed in various
studies. The Crank–Nicolson (CN) scheme is one of the efficient
algorithms that is used for achieving the unconditionally stable
formulation of the finite-difference time domain (FDTD) methods [3], [4], finite element method [5], and conventional scalar
meshless method [6]. Another scheme that can lead to unconditionally stable property is alternating-direction-implicit (ADI)
algorithm. Applications of this scheme in meshless methods
have been investigated for the scalar meshless method in [7]
and [8] and for vector meshless method in [9] and [10].
Incorporating the CN scheme into a scalar meshless method
[6] or FDTD method [11] leads to a smaller numerical velocity
anisotropy error compared to the ADI scheme. In addition, Zhu
et al. [6] have showed that the computational efficiency of the
conventional scalar meshless method based on the CN scheme is
higher than its ADI counterpart. Therefore, in this letter, we have
incorporated the CN scheme into vector meshless method. The
CN formulation of vector meshless method has two important
properties of the unconditional stability and being divergencepreserved.
II. CN FORMULATION OF VECTOR MESHLESS METHOD
A. Formulation of Vector Basis Functions and Vector Shape
Functions
As vector meshless method is formulated based on the
divergence-free vector RBFs, its formulation is alternative from
the conventional scalar RBF method in [12]. Therefore, first we
briefly explain the formulation of vector meshless method. Yang
et al. [2] have presented the complete details of the formulation
of vector meshless method, which is based on the proposed
vector RBFs in [13]–[15].
In order to analyze a problem with meshless method, its spatial domain and boundary is represented by N nodes. An unknown function value at a point of interest can be approximated
by interpolating the function values at the surrounding nodes
of the point of interest. To interpolate an unknown divergencefree vector field, denoted as u, first we should obtain the vector
RBFs. The vector RBFs can be constructed from a (3 × 3) matrix transform, which should be applied to a scalar RBF [2]. In
this letter, we have chosen the Gaussian function as the scalar
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RBF. The following equation shows the scalar RBFφj related
to node j as [2]:
φj = φ (x − xj ) = e−α [(x−x j )

2

+(y −y j ) 2 +(z −z j ) 2 ]

(1)

where x = (x, y, z) is the location of the point of interest, xj =
(xj , yj , zj ) is the location of node j surrounding the point of
interest,x − xj  is the Euclidean distance between the point
of interest and the node j, and α is the shape parameter that
affects the performance of the Gaussian function.
The mentioned matrix transform that leads to divergencefree vector RBFs Ψj related to each node and the vector shape
function Φ can be expressed as [2]
Ψj = (−ΔI + ∇∇T )φj
Φ = B v Av

−1

us

(2)
(3)

where Δ is the (3 × 3) Laplace operator of Cartesian coordinate system, I is a (3 × 3) identity matrix, φj is the
scalar RBF related to node j, ∇T = [∂/∂x, ∂/∂y, ∂/∂z],
∇ = [∂/∂x, ∂/∂y, ∂/∂z]T , us = [ ... uj x uj y uj z ... ]T , Bv
includes vector RBFs, and
Av =
⎡
⎤
Ψ(x1 −x1 ) Ψ(x1 −x2 ) ... Ψ(x1 −xN )
⎢ Ψ(x2 −x2 ) Ψ(x2 −x2 ) ... Ψ(x2 −xN ) ⎥
⎢
⎥
.
..
..
..
⎣
⎦
.
.
.
Ψ(xN −x1 ) Ψ(xN −x2 ) ... Ψ(xN −xN ) 3N×3N
(4)
Then, the approximation of the unknown vector field u based
on the vector shape function related to each node j, i.e., Φj , can
be expressed as
u=

N


Φj uj

(5)

j=1

where uj = [uj x uj y uj z ]T .
Similarly, we can approximate the electric and magnetic vector fields by the vector shape function Φj related to node j as
E=

NE


Φj Ej

NH


E x n + 1 = Ex n
+

(7)
Hx n + 1 = Hx n
+

Δt
2μ

∂Ey n + 1
∂Ey n
∂Ez n + 1
∂Ez n
+
−
−
∂z
∂z
∂y
∂y
(8)

By cyclic permutations of subscripts x, y, z in (7) and (8), we
obtain the other components of the electric and magnetic fields,
respectively. Then, we consider (7) and substitute the (n + 1)th
time-step of the magnetic field components into (7). Similarly,
by considering the other components of the electric field and
substituting the (n+1)th time-step of the magnetic field components into them, we obtain the implicit equations for the electric
field. One of the components of the electric field is shown in
(9) at the bottom of the page and the other components can be
obtained with cyclic permutations.
As in vector meshless method, the vector form of the Maxwell
curl equations is considered, we collect (9) and its cyclic permutations to obtain the electric field in its vector form. The
following equation shows the obtained implicit formulation for
the vector of electric field based on the CN scheme:
En + 1 +

Φj Hj

∂Hz n + 1
∂Hz n
∂Hy n + 1
∂Hy n
+
−
−
∂y
∂y
∂z
∂z

Δt
2ε

(6a)

j

H=

into vector meshless method is different from that which has
been done for the scalar RBF meshless method.
In order to derive our formulation, first we consider the differential form of Maxwell’s equations without current sources in
Cartesian coordinate system. In the CN scheme, for finding the
spatial derivative of each component of the electromagnetic field
with respect to x, y, or z in (n + 1/2)th time-step, we approximate the spatial derivative through the average of the spatial
derivative in the (n + 1)th and (n)th time-steps. On the other
hand, we use the central difference approximation to calculate
the time derivatives [6]. Based on this procedure, the following
equations are obtained:

(6b)

Δt2
∇ × ∇ × En + 1
4με
= En +

j

where Ej = [Ej x Ej y Ej z ]T and Hj = [Hj x Hj y Hj z ]T .
B. Applying the CN Scheme to Vector Meshless Method
As in vector meshless method the electromagnetic fields are in
their vector forms, the process of incorporating the CN scheme

Δt
Δt2
∇ × Hn −
∇ × (∇ × En ) . (10)
ε
4με

Then, according to (6a) and (6b), we use the vector shape
functions of the electric and magnetic fields to approximate the
spatial derivatives in (10). Finally, due to the Kronecker’s delta
property of the vector shape function, the vector of the electric

Ex n + 1 âx +

Δt2
4με

∂ 2 Ey n + 1
∂ 2 Ex n + 1
∂ 2 Ex n + 1
∂ 2 Ez n + 1
−
−
+
∂y∂x
∂y 2
∂z∂x
∂z 2

+

Δt2
4με

∂ 2 Ex n
∂ 2 Ez n
∂ 2 Ex n
∂ 2 Ey n
−
+
−
∂y 2
∂y∂x
∂z∂x
∂z 2

âx

âx = Ex n âx +

Δt
ε

∂Hz n
∂Hy n
−
∂y
∂z

âx
(9)
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field can be updated implicitly as
Ei n + 1 +

+

NE
Δt2 
∇ × ∇ × Φj Enj + 1 = Ei n
4με j

NH
NE
Δt 
Δt2 
∇ × Φj Hnj −
∇ × ∇×Φj Enj . (11)
ε j
4με j

On the other hand, we collect (8) and its cyclic permutations
to obtain the magnetic field in its vector form. Substituting (6a)
and (6b) into the obtained vector form of the magnetic field and
considering the Kronecker’s delta property of the vector shape
function lead to obtaining the following explicit equation:
⎛
⎞
NE
NE


Δt
⎝
Hi n + 1 = Hi n −
∇×Φj Enj +
∇×Φj Enj + 1 ⎠ .
2με
j
j
(12)
Equations (11) and (12) form the CN formulation of vector
meshless method. After solving the implicit formulation of the
electric field in (11), the vector of the magnetic field can be
obtained explicitly through (12).
III. NUMERICAL EXAMPLES
Here to verify the unconditional stability of our proposed CN
formulation of vector meshless method, we have considered a
two-dimensional (2-D) air-filled rectangular cavity. The length
and width of the cavity are both equal to 1.0 cm, and perfectly
conducting walls are located at the edges. A point source of
Gaussian pulse as the excitation source is located inside the
cavity [17]. The spatial domain of the cavity is discretized with
a number of nodes, which are scattered regularly in the problem domain and its boundary. The nodal spacing is taken to
be 0.5 mm. In order to enforce the perfect electric conductor boundary condition, we set the magnitude of the tangential
components of the electric field equal to zero at the nodes that
are located at the boundaries using the specific location of each
node.
First by simulating the cavity with the conventional vector
meshless method, we obtained Δtm ax as the maximum timestep size, which ensures the stability of the conventional vector
meshless method. Then, to investigate the stability of the proposed method in comparison to the conventional vector meshless
method, we have considered some larger time-steps than Δtm ax
in simulating the problem with the CN vector meshless methods. Fig. 1 shows that the simulation with the proposed method
leads to obtaining stable solutions when the size of time-step is
far larger than Δtm ax . In this figure s shows the size of time-step
and is equal to Δt/Δtm ax .
In order to compare the accuracy of the proposed method
with ADI vector meshless method as another unconditionally
stable method, we have determined the resonance frequency
of the cavity by applying Fourier transform to the transient
responses of the proposed method and the ADI vector meshless
method. Table I shows a comparison between the accuracy of
the simulations through both of the methods in different timesteps. The relative error has been calculated using the analytical
resonance frequency of the cavity, which is equal to 44.97 GHz.
The results show that choosing a larger time-step leads to a rise
in relative errors. On the other hand, the obtained results through

Fig. 1. Ex field recorded at the observation point of the 2-D resonator solved
with the proposed CN vector-based meshless method in different time-steps.
TABLE I
PROPOSED CN VECTOR MESHLESS METHOD AND ADI VECTOR MESHLESS
METHOD SIMULATION RESULTS IN DIFFERENT TIME-STEPS
Δt/Δtm a x

Method
CN vector meshless
ADI vector meshless

3
4
5
3
4
5

Resonance
Relative Error (%)
Frequency (GHz)
44.92
44.66
42.52
43.76
42.52
42.02

0.11
0.69
5.45
2.7
5.45
6.6

TABLE II
COMPUTATIONAL COST FOR THE TWO METHODS
Method
CN vector meshless
ADI vector meshless

Δt/Δtm a x

CPU Time (10–1 s)

Memory (Mb)

1
3
4
1
3
4

34.3
23.7
20.9
42.3
27.5
25

6
6
6
6
6
6

the CN vector meshless are more accurate than those of the ADI
vector meshless method.
In Table II, we have compared the computational cost of
the proposed method in different time-steps with ADI vector
meshless method. It can be seen that the CPU time of the CN
vector meshless method is less than its ADI counterpart, while
memory requirements of both of these methods are similar to
each other.
In order to solve implicit equations of the CN and ADI formulations of vector meshless method, we have to compute the
inverse of a matrix for each method. The shape parameter of
the scalar RBF influences the condition numbers of these matrices [16]. If the condition number is not very large, its inverse
can be computed with small numerical errors. In Fig. 2, we
have investigated the impact of changing the shape parameter
on the condition numbers of the CN and ADI vector meshless
methods. According to Fig. 2, the condition number of matrix
of the proposed CN vector meshless method is smaller than its
ADI counterpart. Therefore, the solution of implicit equation of
unconditionally stable vector meshless method based on the CN
scheme can be more precise than ADI scheme.
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IV. CONCLUSION
In this letter, by incorporating CN scheme into vector meshless method, we have introduced an unconditionally stable
divergence-free vector meshless method. The proposed method
can decrease the simulation time because of being stable in
larger time-steps than the stability limit. However, increasing
the size of time-steps is restricted due to the numerical errors. On the other hand, in comparison to ADI vector meshless
method, the proposed CN vector meshless method leads to obtaining more precise solutions and is also computationally more
efficient.
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